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SIMPLICIAL ABEL-JACOBI MAPS AND 
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Abstract. We describe an explicit morphism of complexes that 
induces the cycle-class maps from (simplicially described) higher 
Chow groups to rational Deligne cohomology. The reciprocity laws 
satisfied by the currents we introduce for this purpose are shown 
to provide a clarifying perspective on functional equations satisfied 
by complex-valued di- and trilogarithms. 
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1. Introduction 

Abel-Jacobi maps for higher Chow groups 

(1.1) /Ijr : OT>’(X,n)Q ^ Hi'-" (XJ”,Q(p)) 

were introduced (for smooth quasi-projective X over A; C C) in |Kell 
IKLM] via an extension of Griffiths’s formula for n = 0 to a quasi¬ 
isomorphic subcomplex of the cubical Bloch complex Z^(X, •)q. To¬ 
gether with their extension to motivic cohomology in 

the singular case IKEl. these AJ-maps have been used (for example) 
to interpret limits of normal functions of geometric origin jGGKj . to 

2000 Mathematics Subject Classification. I4C25, I4C30, I4C35. 

Key words and phrases. Abel-Jacobi map, regulator, Deligne cohomology, higher 
Chow group, reciprocity laws, functional equations. 

1 











2 


BURGOS GIL, KERR, LEWIS, AND LOPATTO 


study toric and Eisenstein symbols on families of Calabi-Yau varieties 
IDE]. to compute a family of Feynman integrals |BKVj . and to study 
torsion in CHP{X,n) |Pej (though an integral moving lemma is still 
missing for this to work in general). 


Summary. The main purpose of this paper is to give an alternate for¬ 


mula (Theorem 3.2) for (1.1) on the simplicial Bloch complex Z^{X, •)q, 
sending a precycl^ 3 to a triple of currents (T^, Rf) (cf. (3.3)) on 
X. (We shall restrict for simplicity to the smooth projective case, so 
that the absolute Hodge cohomology in (1.1) is just Deligne cohomol¬ 
ogy; the generalization to quasi-projective is exactly as in §3 of |KLj .) 
This had been a goal of the authors of |KLM] , but seemed out of reach 
at the time. The basic currents on P" we develop for this purpose in 
§2 (see (2.2), (2.6), and (2.7)) lead to two “simplicial” reciprocity laws 


(Theorems 4.5 and 4.8) for their integrals over subvarieties of projec¬ 
tive space, which are applied to directly recover functional equations 
for complex-valued di- and tri-logarithms in §§5-6. The second of these 
laws takes a very intriguing form, and leads to a more straightforward 
proof of the Kummer-Spence relation (6.1) than for the real-valued 
trilogarithm in |Go3] . This paper is written in such a way that the 
reader interested only in these applications can skip §3 entirely. 

The AJ formulas of |KLM] were based on the cubical higher Chow 
complex for several reasons, including the greater ease of construct¬ 
ing good currents on (not to mention explicit cycles in the cubical 
complex), the availability of bounding membranes (to provide a link 
to the extension class dehnition of AJ), and the greater naturality of 
cup-products in the cubical setting. On the other hand, the simpli¬ 
cial formulation of higher Chow groups allows for linear higher cycles, 
which provide direct links to the seminal work of Concharov on polylog¬ 
arithms (cf. |Col] - [C(^ 1 and to the cohomology of the general linear 
group 03 ]. These special features make a compelling argument for 
revisiting |KLMj from the simplicial point of view. 

Moreover, we point out that, up to this point, there has not even been 
a correct real regulator formula on the simplicial level. While it was 
checked in §3.1 of jKelj that Goncharov’s currents in mi yield the 
real regulator (i.e., composition of AJ^"‘ with ttr : H^~"'{X,Q{p)) —)■ 
M(p))) on the cubical complex, it turns out that the simplicial 
version constructed in §6.1 of |Colj (or §2 of |Co2] 1 is neither well- 
dehned nor a map of complexes. The main problem is that Z^(X, n)Q 
is a subgroup of Z^(X x P”)q/Zp(X x H„)q, where H„ C P" is the 


^We use the term “precycle” for an element of Bloch’s complex, and “[higher 
Chow] cycle” for an element of CHP{X, n)Q (equivalence class of a closed precycle). 
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+Xn = og and the currents of [op. cit. 


For more details, see Remark 3.4 


hyperplane dehned by Xq + ■ 
do not vanish on Zp(X x 

Some motivation. On any P™, with coordinates [Fq : ■ ■ ■ : ^m] (and 
Hi := Yi/Yo), one has a natural dlog-form 


:= (|i,..., : 


^ m j- ^yi A 

'~yi 


A 


dym 

ym 


and real m-chain (see (2.4) for orientation) 

^m(^o : ■ ■ ■ : hm) := {i/i, ■ ■ ■ ,ym ^ 1^+}; 

we may regard both as m-currents. The constructions of this paper 
center around the existence of sequences of (m — l)-currents 

e {m > 1) 


satisfying two properties. To motivate the hrst property ((1.3) below), 
consider the family 

{ 2n 2n ^ 

l[Xi - = 0 C p2^ 

i=0 i=0 J 

of Calabi-Yau (2n — l)-foldsj^ and let P" = C P^” be a family 
of linear n-plane^with c^Ti = — Pq (P* = (2n + l)-chain). Setting 

3s,t := PfXs, we have 0 = [3s,t-3s,o] e Oif"'(Xs); in particular, writing 
Us := Resxs J2'i=o{.—^yd^o A ■ ■ ■ A dXi A ■ ■ ■ A dX 2 n^ , the Grif- 
hths Abel-Jacobi integrals /p^.x vanish. Taking s —)■ 0 and writing 
Xo = UX;j, where Xi = {Xj = 0} = ^ p2»^, we obtain 

Pj 


r zn p 

( 1 . 2 ) 0 =/ = 

JR-Xo j=0 ‘'Tt-X/, 

Now suppose that for each m 




X 


2n 


(1.3) = at- {2mrSrik + 2nt J^(-l)y,.<R„_, 

j=0 

holds. Then on Xq, Uq = (j[X[(~l) V.7y9 ^2n-i] rnodulo Z(2n — l)-valued 
currents, and by Stokes’s theorem (1.2) gives 

2n p 

0 = E(-l)' / ^2n-l 

j=0 JYo.i-Yo.o 


^The Roman script X and Y are used throughout to denote varieties, while X, Y 
denote projective coordinates; this convention is not followed for other letters. 

^We shall ignore the fact that this family is not semistable at s = 0. 

^Think of t as varying in some neighborhood of 0 in a C^, with Ft the union of 
{PR over a radial segment O.t. 
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(where 3o,i •= 3o,t ■ Xg), which shows that 


(1.4) 



is constant. 


In fact, according to the first of the “reciprocity laws” in §4, this con¬ 
stant belongs to Z(2n — 1), and the proof is simpler than the argument 
just given. (The second of the two laws, however, is more subtle.) If 
n = 1 and the Pi are lines, (1.4) is just log(x) — Iog(i/)-|-log(i//a;) = 0. 


To motivate the second property, suppose we would like to have lifts 
£n e (GL„(C), C/Z(?7,)) of the Borel classes 


e (GL„(C),M) := jcont 


(e.g., ei{go,gi) oc loglsfi/^fol and 

^2(fi'o,5'i,5'2,fi'3) oc D{CR{[gov], [giv], [g2v], [gsv])), 

where D is the Bloch-Wigner function and n G is hxed). For in¬ 
stance, one might use such lifts to detect elements (particularly tor¬ 
sion ones) of H 2 n-i{GLn(¥), Z) or to construct complex lifts of hyper¬ 
bolic volume. Recall that Bloch’s higher Chow complexes were orig¬ 
inally dehned in their simplicial formulation: writing A” := P’^\II„, 
dA '^ := (P’^“^\H„_i), (9)Ax := X X (cI)A"', the subgroups 

Z^(X, n) < Z^’(Ax) = fp(xxH ) (generated by subvarieties meeting 
faces of cIAx properly) form a complex Z^{X, •)q under d = P*j 

with homology CHP{X,n)q. The relevant case is where X = Spec{C) 
is a point. 

If the {91m} satisfy the additional property 

(1-5) 91m|H^=0, 


then we can use them to induce Abel-Jacobi maps 

(1.6) CH'^iSpeciC), 2n - 1) ^ C/Z{n) 

by integrating (27ri)"'“^9l2n-i over a cycle 3- Composing this with the 
map 


H2n-1 (G'L„(C), Z) ^ CH^ (Specie), 2n - 1) 
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defined bjj^ fixing n G C”' and sending a tuple g := {go,. ■ ■ ,g 2 n-i) G 
(in general position) to 


3,:= 


t 


t 


goV ■■■ g 2 n-lV 

i i 


( ^0 \ 


\ X2n-1 / 


= 0^ C A 


2n-l 


we apparently obtain a candidate for In fact, this is a bit glib as 
AJ^ is not defined on all of 

72n—l/ 


-‘A ^(3'pec(C), •), but only on a sub- 


complex Z^^^{Spec{C),») of precycles well-behaved with respect to 
the currents. So far we only know this subcomplex is rationally quasi¬ 
isomorphic (Proposition |3.1[ ) , and so (1.6) only maps to C/Q(n). Nev¬ 
ertheless, the direct formula 


Enig) := {2Tri) " / fH 2 n-l 

appears to give a measurable cohomology class with <C/'L{n) coeffi¬ 
cients, which should be investigated further. 

Finally, to give the reader a flavor of what sort of concrete compu¬ 
tation is possible with our AJ formula in the simplest case, where X is a 
point over a number held, consider the element 3 G Z\ (S'pec(Q(C)), 3 )q 

(C = e^) dehned by 3 := 3i + 32 : = 


-Z{Z - Cwf : W(Z - CW){Z - CW) : 


[Z:W]ePl 


-?>Z{Z + C, W) ■ 3^" : : W 


J [Z:IT]ePl 


We have c?3 = — [3C : —1 : 1] + [3C : —1 : 1] = Oj^and so this dehnes 
a higher Chow cycle [3], whose image under the (simplicially dehned) 
map 

A4’^ : Cff4Spec(Q(0),3) ^ C/Q(2) 
is computed by integrating the 2-current 


._ 1 p f Y1+Y2+Y3 Y2+Y3 A3 

• 27 ri ‘-S f -Ao ’ -Ai ’ -A2 


®See |dJ] for details of this construction. 

®See (3.1). Note that the intersections with coordinate hyperplanes which lie 
inside H 3 do not count, since p*H 3 = H 2 and Z^(X, 2 ) < Z^(X x F^)/Z^(X x H 2 ). 
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on (cf. (2.2)) over 3- Since 


■^ = 1 on 32, we have 


^^([3]) = [ ^ 

hi 

= ^ f R (z3-w^+wiz-cw)iz-c2w) \ 

27ri / V Z(Z-C2W)2 ’ W(Z-CIE)(Z-C2vi/) ’ IV3) 

J IP^ 



= 3 J log(l - t)dlog(t) 


= 3 (L!2(C") - «2(C)) 

= -3V3L(x-3,2). 


Remark. Thronghout this paper, all cycle groups are taken with ra¬ 
tional coefficients; henceforth, we drop the subscript Q used above. 
This choice reflects the fact that we do not yet know how to prove 
Propositions 3.1 and 3^ (or some substitute) integrally. (This will be 
necessary to enjoy the real benehts of the simplicial A.J map when X 
is the spectrum of a number held, since in this case the main point 
of lifting from M(n — 1) to C/Z(?t,) is probably to extract torsion in¬ 
formation.) Also note that in sections 3 and 6 we have relegated to 
appendices those technical details which we judged to interrupt the 
main line of argument (proofs of moving lemmas, etc.) 


Acknowledgments: The authors wish to thank H. Gangl, B. Kahn, S. 
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work; and to emphasize their debt to A. Goncharov, whose work has 
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partial support through NSF grants DMS-1068974 and DMS-1361147 
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Gouncil of Ganada (J.L.), and from Washington University’s Office of 
Undergraduate Research (P.L.). Much of this paper was written while 
M.K. was a member of the Institute for Advanced Study, and he thanks 
the IAS for excellent working conditions and the Fund for Mathematics 
for hnancial support. 


2. Two GLASSES OF SIMPLIGIAL GURRENTS 

The explicit formulas for Abel-Jacobi maps for higher Ghow groups 
in |KLM] were enabled by the construction of triples (R„,G„,T„) of 
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currents on each (P^)"’ with the telescoping property 

n 

( 2 . 1 ) d[Rn] = nr,-{2mY5T^+2mY^{-iy - {if^Rn-i) , 


i=i 


where 7 ^ : 


l\n-l 


■-A 


Dl^r^ 


are the inclusions of the coordinate hyper¬ 


planes Zj = e. We briefly recall their dehnition: let Tj := /“^(]R<o) 
be oriented so that dTj = (/), and log(-) denote the discontinuous 
function with arg G (—7r,7r]. Writing e: := (—we set 

Rn • RnYl^ • ■ ■ ) ^n) • 

( 2 . 2 ) 






e V 


n—1 


')”)■ 


(2.3) !J„ := ajz„ ..., 2 „) ^ A ... A e P”’» ((P')”) , 

and 

(2.4) 


T„ := r„(j,,..., j„) := T,, n... n r,, e c, 


n 

top 


p 


l\n 


Roughly speaking, ( | 2 . 1 [ ) follows from d[\ogZj] = ^ — 2Tii5T^, and 


d 


dZn 


2nizj 

The 


= = d 




cey point is (2.2), which was arrived at in [KelllKe^ by formally 
applying P. Griffiths’s formula for AJ jGrj to relative cycles on the 
Gartesian product of a smooth projective d-fold X with 

(□“.an") := ((P‘\{i})".u,,.!- ((p‘\{i})“-')). 

Writing Pj{zi ,..., Zn) := {zi,Zj,, Zn) G the cubical higher 

Ghow precycles 

degenerate cycles 

---- 


ZP(X,n) C Z^x X nY/J^P*ZP(X X 

j 

are the algebraic cycles meeting arbitrary intersections of the X x 
properly, i.e. in the expected dimension (or less). The good 
precycles Z^{X,n) C ZP(X,n) are those which meet flT^^, ..., 

T^i n ■ ■ ■ n and their arbitrary intersections with the X x 
properly as well |KL] . Given 3 £ -^^(X, n), the convergence of 

/ R 3 A a; := / i?„(z) A Tr^a; 

Jx J3 

for arbitrary u G ^ 2 d- 2 p-i-n.+idehnes a current R 3 G P^P“'^“^(X); 
indeed, this holds on the level of summands of (2.2). Similarly, one 
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defines e FpV^p-^{X) and 

Ti := K). {(X X T„) n 3} e CS’-"(Xi Q), 
and according to |KLMj 

(2.5) d [i?3] = f23 — — 2'KiRQg-^. 

In particnlar, given G Ol^^iU) {U C X Zariski open) for 

which the Zariski closure of 


Tf.= {{x,h{x),..., Ux)) \xeU}cXxD^ 


is a good precycle, each term of R{fi ,..., fn) defines an (n — l)-current 
on X. 

The relative dearth of coordinate hypersurfaces in projective space 
makes defining a telescoping sequence of currents a greater challenge 
than in the cubical case. Writing Xq : ■ • ■ : Xn for the projective 
coordinates, the closure of T is not even a precycle. On 

its own this is not necessarily a problem, but the non-integrability 
of {\ogx)^5T^ against 1 on T*e(0) means that along the hyperplane at 
inhnity, certain terms of i? ■ ■ ■ , (for n > 3) fail individually to 
yield currents on P”. This must be corrected if any sort of computation 
or manipulation is to take place. Moreover, it is not at all clear how to 
generalize the construction of a bounding membrane in |Kell IKe2j . 

To get around the termwise-nonconvergence problem, there are two 
natural choices on P*^: 

(2.6) := S^{Xo : ■ ■ ■ : X„) := • • •, 




and 


(2.7) 


pA_pA 


(Xo : ■ ■ ■ : XO := 


Rr 


(AiH- hXn) {X2-\ - hXn) 


x„ 




Xo ’ Ai ’ • • 

with i?„(- ■ ■) as in ( 2.2[ ), interpreted in the sense of Rn(- ■ ■) A lo : = 
lime_,.o fpri\u Rn(- ■ ■) AtJ for [/(; a tubular neighborhood of the singular 
set of Rn(- ■ ■ )• The first version can be more convenient for reciprocity 
laws, but the second is essential for defining Abel-Jacobi maps, as we 
shall discover below. 


Lemma 2.1. Each term of and R^ belongs to ^(P*^). 

Proof. For 5^, we remark that no Xj appears more than twice in any 
term, and that occurrences are always adjacent. This produces sin¬ 
gularities of the form (logzj^T.^ and (logz)^ (which are integrable 
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against smooth forms), and exterior prodncts of snch, while prohibit¬ 
ing f and (log^)f <5r_.. 

While appears to be more complicated, it tnrns ont to be even 
better behaved. Consider the cycle 


( 2 . 8 ) 

where 

:=/[2fo 


e X D^) 



Xi + ---+Xn 
Xo 


X2 + ---+Xn 
Xi^ 


Xn \ 

Xn-lJ ' 


Its intersections with P" x *“(□"■ ^) (j = 1,, n) and P” x ^) 

are ^ , for some k. Those with P” x for ? = 

1,..., n — 1 are concentrated over the loci P-^“^ = {Xj = ■ ■ ■ = Xn = 

ij 

0} ^ P”, since away from this set, Xj + ■ ■ ■ + Xn = 0 one 

of _£b+i±y±^^ eqnals 1. In fact these intersections are 

proper and yield degenerate cycles, of the form 
We conclnde that Tj[n] is a precycle. 

Moreover, writing Xi := it meets (€*)"■ x (€*)"■ x n 
T 22 ), ..., (€*)"■ X Tn over the snbsets of (C*)” dehned by: (xi -1- ■ ■ ■ -|- 
Xn) > 0; Xi, {X2 + ■ ■ ■ + Xn) > 0; Xi, X2, {X3 + ■ ■ ■ + Xn) > 0; ...; 
Xi,...,Xn > 0. The intersections with r,,„ ^ ^ i in (C*)'^“^ C 

J[Xo:-"-.Xk-.-“:Xn\ ^ ' 

{Xfc = 0} behave similarly, and so we conclnde that T^^ G 2'|;(P”,n). 
It follows immediately that (term for term) = Rr^[„i is a cnrrent. 

□ 


To complete either (2.6) or (2.7) to a triple, the cnrrents 
(2.9) fiy=^A...A^, 

Xl Xn 

on P*^ will be needed. 


Lemma 2.2. ITe have = 

QA Q / Ai X2 Xn 

“n “n Xo’ Ai’ • • • ’ Xn- 


T (-^ 

Xo’---’ 


Xn \ 
Xn-lJ 


T„(/W) and 


Proof. For the chains the hrst eqnality is clear, and = T„(/^"'^) 

To illustrate the latter point for n = 3: 


follows from the proof of 2T 
in T 3 (/[^') = T_(„,-I nT n T_^, we have xi + X 2 + X 3 = a, 


X 2 + X 3 = bxi, and X 3 = 0 x 2 where a,b,c > 0. Hence xi = > 0, 

X 2 = > 0, and X 3 = CX 2 > 0. The reverse inclusion is clear. 
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The two equalities of (n, 0)-currents follows, via the dlog map from 
symbols to forms, from the following computation in Milnor i^-theory 
of C(a;i,.. .,Xn): 

(Xi + ...+X„) (X2 + ---+Xn) {Xn-l+Xn) Xn 


Xn 


Xi 


Xn- 


n—2 


^n —1 


Xi 


Xn 


X 2 


Xi 


X 3 


X 2 


l + l + -) ,-— 1 + — (IH-) ,••• 


^2 




^3 


Xn-l 


Xn-2 


X 2 
1 + 




Xn-l 


Xn 


Xn-l 


Xl X 2 


Xo’ Xl 


^3 


+ - ) -)>•••)- 


^2 


^3 


X„ 


^2 


Xn-l 


r Xl 

X 2 

X 3 

X„ ] 


X 2 

X„] 

1 Xo’ 

Xl’ 

X 2 ’" 

■’ Xn-lj 

1 Xo’ 

Xo’" 

■’ XoJ 


where we have used in particular the relations {..., a,..., —a,...} = 
1 ,o,..., 1 o,..EH 


This brings us to the main point. Writing pj [^0 : ■ ■ ■ : ^n-i] : = 
[^0 : ■ • • : ^j-i '■ 0 : : ■ ■ ■ : ^n-i] for the inclusion of {Xj = 0} in P”, 
we have 


Proposition 2.3. Let yin stand for or Sn- Then d [9^„] = ~ 

{27ii)^6Tp + ‘27iiJ2]=o{,-iy{Pj)*yin-i- 


Proof. The computation of T^-m -(P" x (□”■ ^)) in the proof of Lemma 


2.1 implies 


dsTf^ = 




which together with (2.5) gives the result for R^. 

For Sy, the correct residues are suggested by the corresponding tame 
symbols in Milnor iF-theory: 


f Xl 

Xt 

X^+1 

x„ \ / 

Xl 

Xf 

X^+1 

Xn 1 

\ Xo’" 

■’ x^_i’ 

Xf ’■ 

X„_1 \ \ 

Xo’" 

■’ x^_i’ 

x,?_i’"' 

’ X„_1 j 


Tame^Xt) (_Xl Xe+i Xn \ 

^ I Xo’’”’ Xe-l’'"’ Xn-lJ' 

Since F / \ isn’t a precycle, we must compute explicitly: 

(Xo : ■ ■ ■ : X„) = 

5f_i (Xo : ... : X,_i) A n^e+i (^i-i : X, : • • • : X„) 

+ (W_i : X, : W+i)AL!t,_i (X^+i : ■ ■ ■ : Xn) 

+(—(X£_|_i : • • • : X„), 
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(—l)^Res(X(;) of which is 

(Xo : • • • : X,_i) A {Xe-i : : • • • : X^) 

+{—27riY ^^T^_^(Xo:---.Xe_i) ' (^~Xe i) (^^+i : • • • : Xn) 

+ i-27riYdrpA(^Xo:-:Xi_i:Xi+i) ' {Xi+l : ' ' • : Xn) . 

= 5'^_i (-^0 '■■■■'■ Xf :■■■ : Here the residue of ^n-t+i follows 

from the i^-theory computation, and the boundary of T^^{Xq : ■ ■ ■ : 
X^+i) from the fact that it is just the closure of {xi,... ,t^+i G M>o}- 
Finally, using the fact that log = log(/) — log( 5 f) where g G M>o, 
we have S 2 : Xi : X 2 ) = 

log(-xi) —-L|-log(-a;i) — X 2 m\og{xi) 5 t_^\ - 2 'Ki\og{-X 2 ) 5t ■ 

X2 V xi 1 J 1 

One checks that d of the bracketed current is zero, and so the only 
contribution to Res(Xi) (namely, — log (—T 2 )) comes from the last term. 

□ 


For a dose of concreteness, here is a simple computation involving 

^5^- 

Example 2.4. Let 3 C be the P^ obtained by projectivizing the 
row space of 

-10 10 0 1 
0 1-110 0 
a -1 0 0 1 0 

H yj. = y 2 
Yo’ L 

of ^5 fo fo™ 

w 1 
’ w, 


with coordinates [Yq : Yi : Y 2 ]. Writing 2 ; := |l, in := ^, the pullback 


Rk 


z — w z 


. 1 — aw z — w z — 1' 

T z-w n T z-i is a triangular membrane bounding on z = w, z = 1 and 

1 —am z — u) 

in = -, and for a ^ [1, cx)) we have T z-w fi Tz-i fi T_^ = 0. Hence the 

^ 1 —am z—w 2—1 

last two terms are zero on 3, as are the hrst two by Hodge type, and 


(27ri) 


^ 5 ^ = 


log 


' W = 1 J Z = 1 


W 


dlog — A dlog — . 


in 


Substituting u = ^, v = ^, the above 

na nv 

= — / log(l — li)dlog(ii) A dlog(n) 


I v = l J U=1 
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{Li 2 {v) - Li 2 {l)) dlog(p) 


= Li^{a) - - log(a)Li2(l) 

= Li'i{a) - C(3) - — log(a). 

D 


3. Abel-Jagobi maps for simpligial higher Chow groups 

Let X be a smooth projective variety. The complex 

C;(X; Q(p)) := C;„p (X; (27r*)^Q) © W(X) © V-\X) 

of abelian groups with differential 

D (T, n, R) := {-dT, -d[f2], d[R] - Q + 6 t) 

computes the Deligne cohomology 

/f;(X;Q(p)) :=H*{C^{X-,Q{p))}. 

These latter spaces are the targets for the AJ (rational regulator) maps, 
whose explicit construction on the simplicial higher Chow complex is 
the subject of this section. 

The idea is to replace (□"■, dd^) in the KLM-construction by 

(A-,aA-) ;= U p, 

V J=0 

where Hn is the special hyperplane cut out by Xq + ■ ■ ■ + X„ = 0. We 
then dehne precycles (resp. good precycles) 

Zl^{X,n) <Z Zl{X,n) G ZP{Xx 

to be those cycles meeting arbitrary intersections of the X x 

(resp. of these and the Tx^+- -+x„ , Tx-^+ - +x„ nTx 2 +■■+x„ , etc.) properly. 

-Xo -Xo -Xi 

The Bloch boundary map 

n 

(3.1) 9e3 - E(-1)V;3 

j-o 

makes these into quasi-isomorphic complexes: 

Proposition 3.1. {z^^^iX,*)) = H^{Zl{X,*)) = CHP{X,n)^ 

'^The proof is deferred to the first Appendix to this section so as not to interrupt 
the main flow of ideas. 
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We shall define a morphism 


AJ . 


(3.2) -.) "-A* Q(p)), 

which then antomatically induces (simplicial) AJ maps 

(3.3) AJi’" : CHP{X,n) 


Namely, writing tta, vtx for projections from the desingularization 3 to 
A", X, we set 

Rf := M.i’rA'Rn . := (’'x).(irA)*n* . 

T,'"- (xx).{(XxT„^)n3} , 

and 

(3.4) ^rx(3) := (27rz)^-" ((27rz)”T3^, , R^) . 


Theorem 3.2. AJ' 


p.-« 

A,X 


fs a well-defined morphism of complexes. The 


induced maps AJ^\ recover Bloch’s cycle-class maps (in the sense of 
Definition 3.6 below). 


The proof is simple but somewhat formal, and so we shall pref¬ 


ace it with a (probably more helpful) direct argument that (3.3) in¬ 


duces a map of complexes. First there is the question of whether it is 
well-dehned, which splits into “algebraic” and “analytic” parts. The 
latter issue, of whether and are actually in D‘^p~’^~^{X) resp. 
ppD'^p-'R(fiCj (since pullbacks vr^ need not preserve currents), is implic¬ 
itly resolved in the proof below (by the relation to the cubical KLM 
currents). For reference, we have also included an explicit argument 
that Rf is a current in the second appendix to this section. 

Now ZP(Xx A”) = ZP(XxF"-)/ZplxxHn), and the “algebraic” well- 
dehnedness refers to the requirement that vanish on admissible 

precycles with support in X x Hn- In fact it suffices to check the 
following, writing 3 G Z^(XxP”+^) for the closure of 3 G Z^(Xx A”+^). 
Given j G {0,..., n -|- 1}, 3 £ + 1); QU an irreducible 

component of p*3 sitting inside X x JT^, we must have R^, all 

zero. But on we have Xq = 0, and on 2IJ we cannot have 

all Xj = 0. If (say) XqIsu = ■ ■ ■ = Xk-i\w = 0 but X^ is not identically 
zero, then ^ currents are trivial as desired. 




"P, — • 

To verify that AJ ^ is a morphism of complexes, we use the formula 
This gives for each 3 ^ ■2 ^a]r(^;'^) 


in Proposition 


2.3 


= SJf - (2xi)"<5,.A + 2,TiY,(-iyPji 
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(3.5) 

while 


and so 





which yields D o AJ = AJ o Ob as needed. 

As mentioned in the Introduction, the simplicial AJ formula will be 
particularly natural for linear higher Chow cycles derived from elements 
of H 2 n-i{GLn{K),Z) {K a number field). While we won’t pursue this 
application in the present paper, here is an example of what this will 
look like on an irreducible component of such a cycle. 


Example 3.3. Let a G C\M<o, and consider the linear precycle 3 : = 

[{aZ -W : Z : -Z : W] I [Z : W] e pi(C)} G ^^^^(Spec C,3), 

for a G C\[l, cx)). It has boundary (93 = [1 : —1 : a] — [a : 1 : —1], and 
should be thought of as a simplicial analogue of the Totaro (pre)cycle. 

Writing 2 : := ^ for the coordinate on P^, Rf G Q(2)) — 

C/Q(2) is computed by 



Remark 3.4. The currents are closer than the R^ to being invariant 
with respect to scaling the coordinates, which apparently makes them 
more suitable for studying reciprocity laws and functional equations of 
polylogarithms. However, they fail to yield well-defined AJ maps, as 
they do not vanish on Hn- 
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The real (n — l)-currents of |Gol] more dramatically illustrate the 
problem, as they are actually invariant nnder scaling of coordinates, 
and are prevented by this property from vanishing on and hence 
from dehning simplicial AJ maps as claimed in [op. cit.]. That they 
do nevertheless prodnce AJ maps on the cnbical level, coinciding with 
the real or imaginary part of Bloch’s invariants, was checked in |Kell 
sec. 3.1.1]. 

It is instrnctive to demonstrate the issne for r^. Let a G C\]R. 
According to |Goll Thm. 3.6], 


/ rsiz,! - z,z - a) =—D2{a) 

Jpl 

where D 2 is the Bloch-Wigner fnnctionj^ By |Goll Prop. 3.2], this 

f f /' z 2 — 2 z z — a' 

= r3{z,2-2z,z-a) = r^ 

Jpi Jpi 


a — 2 ’ a — 2 ’’ a — 2 


= / r 3 {xi,X 2 ,X 3 ), 

where 3a = {[a — 2 : 2 ; : 2 — 2^; : 2 ; — a] | 2 ; G } . Bnt {a — 2)+z + {2 — 
2 z) + (z-a)=0 3a = 0GZ2(C,3). So 3^ J^r 3 

does not indnce a well-dehned map f : Z^(C, 3) —)■ M(l). 

If one tries to make f well-dehned by insisting that it be “zero on 
zero”, another problem emerges: we do not obtain a map of complexes 

-^ Z2(C,4) ^ Z2(C,3) ^ Z\C,2) 

4 , Ir I 

-^ 0 ^ M(l) ^ 0 

If we take 3 : = 

{[V : {a-2)iW + V) : Z -V :2iW - Z) : Z - 

in Z2(C,4), then 93 = Ej=i(-l)Vp since Po3 = 3a = 0. Bnt the 
reciprocity properties of r^ imply fp* 3 ^^ ~ gives 

^(^3) = / ^3 = - / rg = -^T)2(a) ^ 0. 

j=i J p*3 2p*3 

So apparently, the only way to hx the problem is to replace rg = 
^3 (f, f, f) by something like rg -§), which 

affects its properties and calls into qnestion (for example) the known 


®In fact, for our purposes it suffices to know that the integral is nonzero. This 
reduces to nonvanishing of /pi log \z — a|dlog|z| A dlog|l — z\, which follows from 
that of /p 2 p| 2 dA for a ^ M. 
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prooi^that linear higher Chow groups of number helds surject onto the 
usual higher Chow cycles. 


Proof of Theorem 3.2\ We shall need the subcomplexes of normal¬ 
ized precycles 


Ni{X,n) 


n—1 


Pi kerp* C Zl^iX.n) 

3=0 


A^A,R(X,n) := iVi(X,n) C 

and the following “moving lemma” (verihed in the hrst appendix to 
this section): 


Proposition 3.5. .)) = hr„(Z^(X, •)). 

With this, we may dehne the Bloch cycle-class map: 


Definition 3.6. Let ^ G CHP{X,n) {n > 1) have normalized repre¬ 
sentative 3 £ her (fig) C N^{X,n); that is, all p*3 = 0. Denoting 
X X A" =: Ax, etc., the localization sequence for 

{u^,du^) := (A^\ 131 ,aA^\{|3| naA^}) 
leads to an extension (with Q(p)-coefficients) 

(3.6) /72p-n-l(x)C-^ ^ Q(_p) = (3) 

H^p-l ^ ^ 

We define 

C8«) e Exe„„s (Q(0),ff"''-"-‘(X,Q(p))) = i/f-"(X,Q(p)) 

to be the extension class of the top sequence. 


The proof of the Theorem will now proceed in the three steps: 


Step 1 : The cube-to-simplex map. Recall that T^m (cf. (2.8)) is the 
restriction to P” x □” of the correspondence in P*^ x (P^)"" given by 


■ Ai 

(Ll 

CTi ■ ■ ■ 

0-1 

<7l ■ 

0 

A2 

0-2 ■ ■ ■ 

<72 

(72 

0 

0 

A3 ■ ■ ■ 

<73 

(73 

0 

0 

0 ■■■ 

An 

_ 


A {\, a } 


Xo 


0 

0 

0 


’^cf. Prop. 16 in 03]; we do expect that this can be fixed. 
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where [aj : \j] are projective coordinates on {zj = ^). Observe 
that the (n + 1) x (n -I- 1) matrix B{X, a), obtained by adding a row of 
ones to A(A,a), has 


(3.8) deti?(A, a) = — Xj). 

i=i 


Now (3.8) implies that 


• A{X,a) has maximal rank, so that r^[„i induces a well-defined 
morphism from to P”; and 

• B{X,a)[2Q = [0] has no nonzero solution, so that the image of 

this map avoids the hyperplane Hn (where Xq -I-h = 0). 


We shall write 


Fn: ^ 


for this morphism and G Z”(A"' x □”) for the associated correspon¬ 
dence. The explicit formula 


( 3 . 9 ) Fn ([di : Ai], . . . , [(Tn : A^]) = [cTi((J 2 - A2) ■ ■ ■ (cTn - An) : 

— Aicr2(cr3 — A3) ■ ■ ■ ((Jn — An) : AiA2Cr3(cr4 — A4) ■ ■ ■ ((Jn — An) 

;...;(_l)-iA,...An-ian:(-l)"Ai---An 
makes it clear that Fn(5n"') C 9A"'. The induced map 


(Fn)* : Hn{D^,dD^) ^ Ffn(A”,aA") 

is an isomorphism since it sends representatives Tn s->■ T^, fin t f^n • 
(This is essentially the same computation as in Lemma 2.2[ ) Hence for 
any (smooth projective) X, denoting X x =: etc.. 


FI, : H-{Al,dAl) ^ 
is an isomorphism for any m. 

Step 2 : Simplicial to cubical precycles. The morphism F, is the 
composition of an inclusion (of into a larger open subset of (P^)"') 
with a sequence of blow-ups at the smooth centers: Xi = ■ ■ ■ = Xn = 0; 
and (successive proper transforms of) X 2 = ■ ■ ■ = An = 0 , ..., Xn-i = 
Xn = 0. Its positive-dimensional fibers are contained in 
and are degenerate in the sense that one or more Zj’s (in fact, Zj^i thru 
Zn) are arbitrary. For cycles on X x A" meeting the blow-up centers 
properly (which includes Z^(X,n)), the pullback under idx x F, : 
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X X X X A"' is well-definedj^ This yields a map 

ri,„: Zi„{X,n) ^ Z-iXxD") 

3 3° 

which we claim factors through Z^(X, n). 

Let T be one of the real chains fl - ■ say of (real) 

codimension c. Inspection of (3.7) and (3.9) shows that := Fnir) 
is one of the real chains fl ■ ■ ■ Pi T x^+.--+Xn n p/(A"' 1^1), of 

-Xq -^l-l 

codimension > c. Since |3°| fl (X x r) C F~^ (^|3| fl (X x u^)), we 
have 

dimK (|3| n (X X r)) < (c^ - c) + dimR (|3| fl (X x r^)) . 

Moreover, as 3 P n), we have codim}^' (^|3| fl (X x > c^; 

it follows that codimR ' (|3°| fl (X x r)^ > c. Since r was arbitrary, 
3 °ez^(x,n). 

Next we claim that 

Tx,.: Z1 r(X,.)^ZS(X,.) 
is a map of complexes, i.e. that 


(3.10) 

and 


U,„-i(SB3) = i:(-i)'r;-iP*3 

j =0 


(3.11) a8(ri,„3) = 


-E(-i)'(y)'3° + (-i)”(““)*3' 

i=i 

+ i;(-i)^(*“)-3°. 

i=i 

agree. Inspection of ( |3.9 ) shows that restricts to on the facets 
^^(□n-i^ (_). P^._^(A”^) (fo r j = 1,... ,77 -) and^°(□’"~^) (-)■ p„(A”“^)), 
so that the right-hand side of (3.10) coincides with the square-bracketed 
term in (|3.11|). The restrictions of F^ to the other facets map z°(n”“^) —)■ 

ipj 

P{j,,..^ri,}(A-^“^) (with degenerate hbers as mentioned above) for any 
j = 1,... ,n — 1. Since 3 meets these X x (A-^”^) properly (in 

complex codim. > n—j + 1), 3° meets Xx*°(n"^“^) in the V’j-preimage, 


^^That is, the “preimage” (7ri3)*(7rl23 • 7r23r„) of an irreducible 3 (where TTy 
are the projections on X x A” x □”) already yields the proper transform, without 
having to throw out “exceptional” components contained in U”P)^z°(n"“^). 
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which is degenerate. So the remaining terms on the right-hand side of 


(3.11) are zero in Z^(X,n). 

Step 3 : AJ/^ and Bloch’s map. Let 

Air’ ■ 2£(X. —) ^ Ci^*’(X;Q(p)) 

be the map of complexes defined by sending a precycle W G n) to 

(27rz)^“” ((27ri)”Tw, flyV) -Rw) |KLM] ,^ We claim that the composition 

ZJ(X, -.) 15 Cg’+‘(Xi Q(p)) 


is none other than the AJ^^ of (|3.4), proving the first statement 


of Theorem |3.2| The point is that from Lemmas |2.m2.2| we have 
r;(T„, BJ = (T„^, 12^, B^) so that 

= 3T' (T„,(l„,R„) 

= 3- 




(where the pullbacks of currents are well-defined by those lemmas and 
by jKLM] L 

Finally we let 3 be a normalized (simplicial) precycle as in Definition 
with class By the analysis in Step 2, we have that 3° := L^ „3 G 


3.6 


X, n) belongs to nj,e ker(?*). Note that we may have 3 7 ^ 0 but 3° = 
0. In this case, rx,n yields a map from (Dx, —)■ (U’^, , which 

produces a splitting —)■ {D^, dD"^) = Hence 

cb( 0 = 0 = [HJx(O)] = [^-fAx(3)], finishing the proof in this case. 

So assume that 3° is nonzero. Writing 

:= (□^\|3°|,an"\{|3°|n<9n^}), 

we get an extension 

(3.12) ^ ^ Q(-p) = (3°) 


i Y 

H2p-1 (Qn ^ ^ Qjjn^ -^ ^ 


analogous to (3.6). In fact, rx,n restricts to a map from —)■ 

sending dU^ —>■ dU^, hence induces a map from the bottom row of 


(3.6) to the bottom row of (3.12). By the end of Step 1, this is an 


11 


See the beginning of §2 for Tw, flvv, i?w 
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isomorphism on the left-hand terms. Since 3^^ = TxnS, h also sends 
the Q(0) to the Q(0) and so gives an isomorphism of the top rows. 


Hence cb(^) is the extension class also of the top row of (3.12), which 
by |KLM1 Thm. 7.1] is computed by HJx"'(3°)- Since A7^x(3) = 
(3°), we are done. 


AJ^ 


Remark 3.7. A (much longer) direct proof of Theorem 3.2 could also 
be given, basically by repeating the argument in §5.8 and §7 of |KLM] 
in the simplicial setting. 


Appendix I to §3: proof of moving lemmas |3.1| , |3.5| , We preface 
the actual proof with some simplicial algebra. Recall the face maps 
pi : ^ A"' and dehne degeneracy maps CTj : —)■ A” by 

[Xq ■.■■■■. X„_|_i] I—>■ [Xq : ■ ■ ■ : Xi_i : Xj -|- Xj+i : Xj_|_2 : ■ ■ ■ : X„+i]. 

For alH = 0,..., n, set 

di:= {id^xpi)*: Zl{X,n)^ Zl{X,n-l) 

(so that d = 

Si := (*dx X a*)* : ZliX.n) ^ Zi(X,n + 1). 


One has the relations 


(3.13) 


didj = dj.idi 
diSj = Sj-idi 

diSj = Id 

diSj = Sjdi-i 
SiSj Sj-\-\Si 


if i <j 

if i<j 

if i = j or i = j + l 
if i > j + 1 
if i<j 


Also recall the normalized complex with terms 


Xi(X,n) := n(L-o'ker(d3 C Zl{X,n). 


We introduce a hltration: 


Zi(x ,.) D .) 3 (X,.) D ■ ■ ■ 3 iv'(X,.) 

as follows: for i > 0, put 

X^Zl{X,n) = {^ e ^i(X,n) | 5*^ = 0, V 0 < i < min(n,£)}. 
Let 

A,:X'+iZ^(X,.) CX'Z^(X,.) 
be the inclusion of chain complexes. 


Lemma 3.8. is a quasi-isomorphism. 













SIMPLICIAL ABEL-JACOBI MAPS AND RECIPROCITY LAWS 


21 


Proof. Introduce 

(3.14) K, : .) ^ .), 

by the formula 

^ ii i > n 


(3.15) 


= 


f - Sideif) if i <n 


We claim that (3.14) is a morphism of complexes. 

To see this, hrst observe that K£ is the identity for £ > n, so it suffices 
to assume that £ < n. Let f G £F^Z^{X,n). We must show thatp^ 

Kidf = dKe^, 

i.e. that 

m m 

(3.16) ^(-l)^(aj^ - 

j=£+l 




For j > £ + 2, we have 


sededj = Sidj-idi = djSidt 


from (3.13). Thus with regard to (3.16), we are reduced to showing 
that 

(- 1 )^ dif - Sidedif + (- 1 )^+^ de+i^ - sididi+if = 

(- 1 )^+^ - di+isedef . 

Using di+iSi = Id, this is reduced to the equation did^ — didi+i = 0, 
which follows from (3.13). The claim is established. 

Next observe that Ki o is the identity on •). For ^ G 

fF^Z^(X,n) we introduce the homotopy operator Ti : £F^Z^{X,n) —)■ 
fF^Z^lx, n + 1) by the formula 


m) = 


0 if £ > n 

^(-1)^S£(0 if^<n 

We will check that 

(3.17) dT.iO + TidiO =f-{XiO Kim, 

which obviously implies that Xi o m is homotopic to the identity on 
J^^Z^{X,n). Firstly, from (3.15), the right-hand side of (3.17) is given 
by 


(3.18) 


m {XiO Ki){^) = Sidif. 


12 , 


Obviously both sides are zero if ^ > n. 
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(Both sides of (3.18) are zero if £ > n.) Next, the left-hand side of 
dsTfl) is 


(3.19) 




But as Sf : Z^(X,n) —)• Z^(X,n -|- 1), for i < n, 
^ E gives 


using (3.13[) (and 


n+i 

-1)'9s,(0 = (-1)'E(-1)'’A*»K) = 

-i)'i;(-i)-’As,(0 + [9i - + (-1)' E {-lYdMO = 

7=0 


n+1 


j = e +2 

n 


n+l n 

(-1)' E (-i)'i>i9i-iK) = (-1)' E 

■i=e.+2 j=i+i 


j =£+2 

Next, and again using ^ E 


□ 


(-1)^5,a(0 = sedeiO + i-^Y E i-iysed.iO. 

j=e+i 

Then (3.19) becomes sedi{^), as required. 

Lemma 3.8 has the following corollary. Let k : Z^{X, •) —)■ iV£(X, •) 
be the map of complexes dehned by letting : 2’^(X, n) —)■ X^(X, n) 
be the composite Kn-i°i^n- 2 °- ■ -o^o- Then the inclusion A : N^(X, •) C 
Z^(X, •) induces an isomorphism on homology with inverse induced by 
k; moreover, k o A is the identity on N^(X, •). So we get Z^{X, •) = 
IVa (X, •) © her k, where 


n—1 

ker/t = D^(X,«) := E (Z^(X,n - 1 )) , 

i =0 

and D^(X, •) is acyclic. 

Turning to the proofs of our moving lemmas, we consider the com¬ 
mutative diagram 




^2 


^3 


7V£(X,.)^^Z^(X,.), 


where •) •) ^ have seen that *4 is a 

quasi-isomorphism. 
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We claim that i\ is a quasi-isomorphism. To see this, let 


T — •- 


: n • • • n n 

-^0 -^h 


be one of the real chains in Then one checks that cTi(r) C 

A" is contained in a t^/ j/ of the same real dimension (as o'i(r), not 
r). Reasoning as in Step 2 of the Proof of Theorem 3.2, we have 


that Si restricts to a map Z^g(X,n) —)■ Z^^{X,n + 1). By (3.15), it 
follows that Ki and Ti also preserve “subscript M”, so that the proof of 


Lemma 3.8 goes through with the real-intersection conditions, proving 
the claim. 

It remains to show that Z 2 is a quasi-isomorphism. The argument in 
|KL| Appendix to 8.2] (cf. part (a)) proves exactly the same thing in the 
cubical context. Replacing cubes with simplices and T” by the iterated 
double TJ := D (A^; po(‘^x ~^)5 • • • ^ ^^e same proof (using 

ideas of Levine |Lv] ) goes through mutatis mutandis. To give a flavor of 
the proof, we summarize the steps for showing i 2 is “quasi-surjective”. 
The idea is that any normalized cycle 3 £ ker(c}) C N^(X,n) can, up 
to dN^(X,n + l), be described as the alternating pullback of a cycle on 
7 a . This cycle in turn may be obtained by intersecting with a cycle W 
on a homogeneous space for GLn{K), where K is the held of dehnition 
of X. Applying g* {g G GLn(L), L D K) to W and pulling back to 
X yields a cycle y G Aa(X/,,?t,) which still only differs from 3 by an 
element of n -|- 1). By a variant of Kleiman transversality (cf. 

one may choose g so that y G N^^{XL,n); a norm argument 
then produces y G N^^(X,n) in the same class as 3- 


Appendix II to §3: verification that rA ^ D^p-n-i(x). We con¬ 
sider progressively more general cases, with 3 C X x P"" always irre¬ 
ducible and giving an element of Za]r(X, n): 

Case 1 : p = n, with 7rx(3) = X and 3 generically of degree 1 over 
X. Writing 

/=(/l.. - 3- 

we dehne subvarieties 

Hf.= |3*((Ao + --- + AO)|, 




X 


n—1 , 


^^This is a singular variety (resembling the union of facets of a polytope) with 
irreducible components all isomorphic to and indexed by subsets of {0,..., n}. 
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Y/:= U 1(1 -/4ol. and£>^:= IJ |(/^)| 

i=i i=i 

of X. Let (jj G ^ 2 dim(x)-n+i^^^ ^ Qoo must show that 


(3.20) 


R{F) Au := lim 

e-s>0 


X\AfADf) 


R{f)Au 


is hnite (where A4(-) denotes a small tubular neighborhood). Write 
for the union of irreducible components W oi Df along which 
every term of R{f) A u has a factor of dw, dw, w, or w, where w is 
an algebraic (and locally holomorphic) function with W in its zero-set. 
More precisely, if Jw ■= {j G {1,... ,n} ||(/j)| D W} = {ji,..., 
then RfAu breaks into terms log /j^dlog/j^^^ A- ■ ■ Adlog/jj, n■■■nT/, 

with a a monomial (dim(X) — k + l)-form in coordinates {zi = 
w,..., Zn}, and we require that a contain a w, w, dw, or dw. 

First assume that Df is a, normal crossing divisor. In that event, 


it will suffice to bound (3.20) in a neighborhood of a general point of 


each irreducible component of Df , since the bounds near intersection 
(higher codimension) points will break into products of codimension-1 
bounds. The only possibilities for nonconvergence along W are terms 
of the form 


(3.21) 


log(tc^)dlog(tc'^) A C°° and 


dlog(w;^) A 


where without loss of generality one can take the integers a, b, c to be 
1. Evidently the presence of a dw, dw, w, or w in each monomial term 


of the expression makes (3.21) converge, so that we only need to 


worry about W ^ But Hf <Z Yj C. and Yf also contains 

every W along which the numerator of /i, 72, ..., or fn-i vanishes, 
while outside Hf only one of Xq, ..., Xn can vanish in codimension 
one. Consequently, each component of Df\Sf^i^ can only be contained 


in one |(/j)| ^'Lid (3.21) cannot occur 


li Df does not have normal crossings, consider an embedded resolu¬ 
tion 
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where -D/ is the proper transform and Ep the exceptional divisor (with 
nnion a NCD). By a simple compntation, ^ and we 

only need to consider components W = {w' = 0} of in the preimage 


of X\Y f. Bnt then by the proper intersection conditions on 3, \Jw'\ is 
bonnded by c := codimx(/3(iy'))- In particnlar, if tci = ■ ■ • = iCc = 0 
locally cnts ont /5(hh'), we have in each term of R{f) A u a, dwi, dtdi, 
Wi, or Wi factor (i G {1,..., c}), hence in each term of R{I3* f) A I3*uj a 
dw', dw', w', or w' factor. Conclnde that W hence is contained in 
£l 3 *f,l 3 *uj, proving convergence. 

Case 2 : Remove the degree-1 assumption (so is simply finite over 
X ). The above argnment goes throngh for the branches of 3, when one 
considers that the expressions in (3.21) are not essentially different if 
we take a, 6 , c G Q, and that codimension in 3 is codimension in X. 

Case 3 : p> n and 3 generically finite over a subvariety V ofX. At 
hrst glance, one has to worry abont the failnre of proper intersection 
conditions for the base-change of 3 nnder a desingnlarization V ^ V. 
(Otherwise, we are rednced to Case 2 .) Bnt as in the end of Case 1, 
away from the sets 3 0 (C x {Xj ■ ■ ■ -|-X„ = 0}) (j = 0 ,..., n — 1 ), the 
nnmber of singnlar 6t or dlog factors is bonnded by the codimension 
of the corresponding snbvariety of 3 (hence V), and then a similar 
argument holds. 

Case 4 : general case. Working locally, there is a finite projection of 
3 to C X for some k < n, and we are done by Case 3. 


4. Milnor reciprocity laws 


The telescoping property (Prop. 2.3) of the simplicial currents 
makes them particularly suitable for the study of reciprocity laws aris¬ 
ing from subvarieties of projective space. We shall begin, however, from 
a more general and “intrinsic” perspective, which is independent of the 
choice of simplicial vs. cubical. 

Let X be a smooth complete curve over C, and f,gE C(X)*. Writing 
Tamep : iCf (C(X)) ^ iCf (C) = C* 

{f:9} ^ hma,^p( 


(4.1) 


.lyADMa) 


for p G X(C), Weil reciprocity states that the (finite) product 


n Tamep{/,^} = 1. 

peX(C) 

This result gives rise to several other reciprocity laws in higher dimen¬ 
sion. For example, Parshin [resp. bilocal] reciprocity (cf. |Hoj ) on an 
algebraic surface S is obtained by applying Weil recirocity on a curve 
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X C 5 to TamexC [resp. {Tamex/i, Tamexi]}] for ^ G K^{C{S)) [resp. 
/i 0 p G Suslin reciprocity (cf. |Ke3] ) generalizes Weil 

K^{C{X)) Ki^{C). 


to higher it'-theory, replacing (4.1) by Tame 


The generalizations we pursue here take a different direction, and 
begin from the 

Proposition 4.1. Let D = {pi,... ,pr} C X and X* := X\D; then for 
each p>2, the composition 


CHP{X*,2p-2) 


CHP-\C, 2p-3)^ ®aC/Z{p - 1 ) 


has image in the kernel of the augmentation map ©aC/Z(p — 1) ^ 
€/Z{p-l). 

This is easily proved from the localization sequence and its com¬ 
patibility with the AJ map, or using Reciprocity Law A below. The 
case p = 2 is Weil reciprocity, while p = 3 [resp. 4, ... ] is related to 
the dilogarithm [resp. trilogarithm, ... ] at algebraic arguments and 
more generally special values of L-functions. So for polylogarithmic 
functional equations with variable arguments, this is not the way to 
go. 

At the next stage of generalization, where X/C is any smooth projec¬ 
tive variety, we encounter an unpleasant reality when dimX =\ d> 1. 
Consider a codimension-one subvariety D G X with irreducible com¬ 
ponents {Da} and smooth locus UH*, and write X* := X\D. Taking 
p > d, for any a the composition 

CHP{X*,2{p-d)) ^ CHP-\D*a,2{p-d)-l) ^ R2(rf-i)(p,*^c/Z(p-l)) 

is zero unless = Da, so that integrating the image current does not 
give a well-defined number in <C/'L{p — 1). So we are forced to work on 
the level of precycles, which yields 

Proposition 4.2. Let p > d > 1, n := 2{p — d), anc|^ 3 G ■^r( a)(^’ 
be a precycle with 9^3 supported on D. Then writing dsf) ='■ I] i^°‘ReSa'5 
{with ReSa‘5 G Z^\^{Da,n — 1)), we have 


E 


Proof. Note that is a current of top degree 2(p—1) — (n—1) — 1 = 


R 


'Do. 


(A) _ 

Resai 


= 0 mod Z(n — 1). 


2{d - 1) on Da. Since p > d, FpD^^{X) = {0} and ^ = 0. So dpi) 


^^The parentheses (A) mean that we may work in either the simplicial or the 
cubical setting. 
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becomes 

3 Q, 

from which the result follows by Stokes’s theorem. 


□ 


Restricting to the case n = p = 2d, suppose Fq, ... ,Fn E r(X, Ox{k)) 
is an u-tuple of homogeneous functions such that 

:= {(x, [Fo(a:) : ■ ■ ■ : F^{x)])\x e X(C)} G Zl^{X,n). 

Writing ■= one obtains 




i=0 




which together with Proposition 4.2 gives the 


Corollary 4.3. IPe have 

i=0 j Jd*. ^(^- 1 ) 

We leave to the reader the obvious analogue for the cubical Milnor 
regulator currents R(/i, /„). Note that the n = 2 case of this 

is Weil reciprocity for functions /i ,/2 G C(X)* with |(/i)| fl |(/ 2 )| = 0- 
The Corollary has a natural “extrinsic” analogue for algebraic cycles 
in even-dimensional projective space. We lose no generality by stating 
this result, which is our hrst main point, for subvarieties. 


Definition 4.4. We shall say that a subvariety of is in general 
position if it properly intersects all chains of the form vjl (T_ n ■ ■ ■ fl 

T Xfc ) where : P^“PI P^ sends [Zq : ■■■ : Zm-\j\] to the 

A^fe-l 

projective (M -|- l)-tuple obtained by inserting zeroes at the positions 
ill • • • 1 J| j| • 

Theorem 4.5. (Reciprocity Law A) Let 54^ stand for or S^, 

and X C P^'’* be an irreducible subvariety of dimension d, with Yj : = 
X ■ (Xi) for i = 0,..., 2d. Assuming that X is in general position, we 
have 



Proof. The general position assumption allows us to pull back the result 


of Proposition 2.3 Noting that by Hodge type we have this 
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gives 


2d 


d[il^2d] + 




i=o 

Dividing by (27rz)'^ and integrating over X gives the result. 

We have written it in this form because the first term of 
*S' 2 d-i(Xi : ■ ■ ■ : X 2 d) whose pullback to Yg does not vanish, is 


□ 

(say) 


(27ri) 


d-l 


dr X2 n-'-nT 



A dlog 


X. 


2d 


X2d-1 


For X = a linear subvariety, one expects Theorem 4^ to translate 
into functional equations for (a variant of) Lid- It turns out that the 
version of the result, which allows for more singular integrals, is 
much more suited to making this connection. 

There is also a natural “projective dual” to Theorem 4.5, which we 
sha ll only state for the S^. (We do not know if an analogue of Lemma 
7 holds for the R^-) III hrst approximation, one would expect a 
statement of the following form: given X C P^*^ general of dimension 
d — 1, the alternating sum 


2d 

E( 

j=0 


-ly 


{27ii) 


qA 


1 (Vo : 


:.Y, 


X 


2d 


is zero mod Z((i). (Note that this morally involves projecting X to 
the coordinate hyperplanes in P^'^, rather than intersecting with them.) 
This turns out to require correction terms, essentially because complex- 
valued regulator currents cannot be made exactly alternating multilin¬ 
ear in their arguments. 

In order to make the corrections, we shall require two lemmas. In¬ 
troduce the notation 

k+2 

SL - (Xo : .. . : y : ... : E £>''(P‘+=), 

j=0 


k+2 

1^+2 := j2(-iypi ; D*-^(p^+y -> 

j=0 

where we recall : P^+^ ^ pfc +2 jg inclusion of the coordinate 
hyperplane. Note that o = 0. For k odd, let Pk denote a hxed 
P^ C P*^+2. To motivate the hrst lemma, observe that on P^ 



. 7ri(5rQi2 
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takes values ± 7 ri, making roi 2 an integral 4-chain (or Z-valued 0- 
current). A computation shows that = 


R2 


/_X2 _X3\ 

V Ai’ X2J 


-R 2 







X 2 

Xi 


= d<{7rilog ( ) hroi2 


-{27rifdT_ 


which forms the base case for 


^nri23) 
^0 


Lemma 4.6. There exists a sequence of currents G {k = 

0, 1 , 2 ,...) and constants ai, 03 , 05 ,... G C such that for each k >t) 


(4.2) 






d 

-\- cxkdjk+i 




modulo ^k +2 '■= \Tj{k + 2)-valued chains. 
Proof. By Proposition |2.3| and the fact that 


k even 
k odd 


n-l-3 

Y„+3) 


i=o 


0 


on P’^+3^ ssre have for each n 

dS:+‘ = - 2 ^»C+=>S"„ (mod £„+.,) 
Inductively assuming ( 4.2[ ) for A; = n — 1, this gives 

^n4 
^alt 


dSfit^ = -2mi:+^-2mi:+^E^-^ + dS””' [+an-i6jn+2p _ 1} 


if n even 


= -27rid 

^ + 27riI^+^E'^-^ is closed (mod (T^+s)- 

If n is even, we are done since = |o}. Otherwise, noting 

that = [P^] G iP"+^(P’^+^), there exist a G C and H"" G 

P"'(P"'+3) such that 

= -271*/:+='“"-^ + dE^ + a4n+3p^ (mod (T^+s). 

□ 


In fact, a more detailed computation reveals that with the right 
choices of the {S^}, the {dk} niay be taken to be 0 : 
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Lemma 4.7. One has for each A; > 0 

(4.3) = dEl^ {mod £^+ 2 ), 

where 


= ni ^(—27ri)^(5r(! log 


X, 


£+3 


1=0 


X 


i+2, 


dlog 


X 


£+4 


X 


A 


e+3, 


A dlog 


X, 


fc+3 


X, 


k+2, 


and the codimension-i c/iazrP^ 


^rn • • • n r_n t_x^ n • • • n t_x^. 

j—Q ^0 Xj ^j+\- Xi^i 

Proof. (Sketch) The main step is to show directly that = 

k+l 


^(-27ri)^ 




+ 


e=o 


{—^P'^'l^T^nr, 


dlog 




Xi+3 \ 

Xi+ 2 ) 


A • • • A dlog 


vxfc+2y ’ 


where := T^[0 :■■■:£]= T_^ fl ■ ■ ■ fl T and 


^0 


r+i 


A, := E(-l)'r'[0 : .. . : i : ... : q, 

j-o 


(Note that the term in braces is just vri5roi2 ^ = 0-) To verify (4.3), 
one then uses the formula \dV^ = + {boundary terms}, the hrst 

case of which is 

hr" = hr„,2 = T_^ - T_^ - T_^ = -ry, 

Z Z Xq Xq Xi 

and r^“^nT x ^+2 +T^nr£,£+i /+2 = r^- Details are left to the reader. □ 
We can now state 

Theorem 4.8. (Reciprocity Law B) Let X C be an irreducible 
subvariety of dimension d — 1, with Y, := X ■ (Xj) for i = 0, ... ,2d. 
Assuming that X and its projections to the coordinate hyperplanes are 
in general position, we have 

2d 


2d /■ 1 

0 = y (- 1 )^' / 7- 1 fXo : 

U Jx (2vrz)'^-i 2"-' V 


■ ■ ■ : X, : ■ ■ ■ : X 


2d p 

■E(-it / 

i-o Jy. 


72d-4 


(27ri 


Ad- 2 ^ 


(Xq: 


2d 


■ ■■ :X, : ■■■ :X. 


2d 


modulo \lj{d). 


Proof. Follows immediately from Lemma 4.7 with k = 2d — 3. 


□ 


^^The widehats mean that those two T’s are omitted from the intersection. 


















SIMPLICIAL ABEL-JACOBI MAPS AND RECIPROCITY LAWS 


31 


The correction terms fy ^(- ■ ■), as we shall see, may be thought 
of as “lower-weight” in the context of linear subvarieties and polylog¬ 
arithms. In essence, one is trading off the formal simplicity of Reci¬ 
procity Law A for greater algebraic simplicity in the arguments of the 
expected Lid terms ■ ■ )• 


5. Functional equations for Li 2 


To illustrate the different strengths of the two reciprocity laws of the 
last section, we shall apply both to obtain different forms of the 5-term 
relation for the dilogarithm 

Lz 2 (z) = - / log(l 

Jo ^ 

Reciprocity Law A involves intersecting an X'^ C with the coordi¬ 
nate hyperplanes. Taking d = 2, let X be the P^ C P^ obtained by 
projectivizing the row-space of 


i 1 
f 

y 


1 -1 0 

0 -1 
1 0 0 


0 

0 


The intersections Yj (i = 0,..., 4) are given by projectivizing the sub¬ 
row-spaces with Xj = 0 (and deleting the column); 


i = 0 
i = 1 
i = 2 
i = 3 
i = 4 


/ 

! x—i 

1 

X 

-1 

0 


y_=i 

1 

y 

0 

-1 


/ 1—x 

i ^ 

1 

-1 

0 


ini/ 

1 

0 

-1 


(5.1) 


-1 

0 

-1 

0 

-1 

0 


0 

-1 

0 

-1 

0 

-1 


Let Y be the P^ C P^ given by 


1 / a c —1 0 

—t\bd 0 —1 


where the notation means that t parametrizes Y by 11 —)■ [a — bt: c — dt: 
-1 : t]. On P3, we have ^^ 3 ''(Xo : Xi : X 2 : X 3 ) = 
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+2TTi log 


) Ot X, nT 


.Ai' 
-^0 


w ■ 

■^1 


Only the middle term survives the pullback to Y, since dlog A dlog = 0 
and T_c^ fl Tc-dt is the closure of the intersection of two open arcs 

a — bt 

that do not meet. So we must compute 
1 


2Tri 


st = 


log(c — dt)d\og{t) 


'Y 


'T c-dt 

a — bt 


= ~J^ jlogc + log --tj|dlog(t) 

= L,,(l)_Li,(^)+log(c)log(^), 

Taking the alternating sum over the 5 matrices (|^, Theorem 4.5 gives 
the Abel-Spence relation]^ 

(5.2) 


0 = Lt2{x) - Li2{y) + Li2 0 ) - Li2 + ^12 ( 

- Li 2 {l) +log(x)log 


1 — 

(l-X^ 


For a demonstration of Reciprocity Law B, we will need the integral 
of over the most general form 


(5.3) 


t f Qjq Cli CI 2 (Is 

1 I 60 bi b 2 h 


of Y = pi c P^. Using the substitution v = — and denoting the 
minor aibj — ajbi by |ij|, this is 

a 2 t + b 2 \ ,, ( 03^ + 63' 


log 


a 2 t-\-b-^ 

aot+bo 


ait + b 


dlog ^ 


| 13 | 

■| 12 | 


1031 

| 02 | 


log 


-|23| 


|12|n + 1131 


a2t + 62, 
dlog(n) = 


-log 


1231 


1131 


log 




|i3||02|y v|i3||02|; 

=: ^{0123}. 

Writing ti := note that =: CR{toMMM)- 


l^combine (1-22) (with x ^ \ — x) and (1.11) (with z = a;) in |Le] 
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Now consider a general X = in P^ given by 

. z / Aq Ai A 2 A^ A 4 \ 

^ I [ Bo B, B2 B, B, 


with projections to the coordinate P^’s (obtained simply by deleting a 
colnmn) of the form (5.3). To apply Theorem 4.8, we will also have 


to evalnate the correction terms, or hnd some way to eliminate them. 
Again writing \ij\ for the minors, {nj} = = X ■ {Xj), and recalling 

that on P^ (Xq : Xi : X2 : X3) = ni log (~^) (5roi2 5 we hnd that 


j =0 j =0 


■ \jj\ 


=: jr{01234} e C 


is anti-invariant nnder the permntation a := (04)(13) “hipping” (5.4). 
On the other hand, noting that (03)(12) hxes 2 ; := |y|||^) and 


| 23 || 10 | 

| 13 || 20 | 


1 — 2;, we have 


^{0123} := ^ (^{0123} + ^{3210}) 

= Li 2 {l) - Li 2 {z) - ^ log(l - z) log(z) 

=: L2iz) 

which is a version of the Rogers dilogarithm. Adding | of 



= ■■■4} + ^^{01234} 

j=o 

to a* of itself therefore gives, with Zj := z(yj) = 

4 

(5.5) 0 = ^(-1)^L2 {CR{zo, ...,Zj,..., Zi)) 

j =0 

which is the other classic form of the 5-term relation. 

Remark 5.1. The {/j (X) := CR^{zq, ..., f),..., 2:4 )} dehne 5 rational 
fnnctions on Gr(2,5). Pnlling them back to a snitable open t/ C 
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Via 


g U ^ Gr{2, 5) 

produces the functions {Fj ■= fj o g} = 

rr o, y i-^ 

’ ^ ’ x{l—y) ’ 1 —y ’ 

whose level sets yield the Bol 5-web Clearly (5.5) pulls back to 
the variant 

(5.6) Q = j2{-iyL,{F,{x,y)) 

i=o 


of (5.2), which is the most interesting of the 6 independent abelian 
relations of Moreover, the terms of (5.6) are described by 
(5.7) 

27riL2 {Fj{x,y)) = 


[ St (. 

..A,.. 

■) +[ +(■ 







6. A FUNGTIONAL EQUATION FOR Li^ 


Turning to the trilogarithm 


Lisiz) = / Li2{z) 


dz 


we 


will show that the Kummer-Spence relationp^ 


(6.1) - Li, - U, - L*3 {a{ab -6 + 1)) 

+ 2 {+^3(0) + Li ^ iF ) + —06) + +^3(06 — 6 + 1) — +^3(1) 

+Lh (i^) + Lt, {“-^)} = log''(a) log(-a6)-f log(a)-l log=>(a) 

essentially follows from Reciprocity Law B. The “essentially” means 
that we will work modulo degenerate terms (i.e. products of log and 
Li 2 in rational-function arguments) and assume the relations 

(6.2) Lisiy) = Lisiy) + 2C(2) log(i/) - 7 log^(i/) - f log^(2/) 


(6.3) Lis^x) + Lis^l - x) + = 

Lis^l) + +*2(1) log(l - a:) - 7 log(-x) log^(l - x) + I log^(l - x) 

^"^See |He] for basic material on webs. 

^^This form of the relation is obtained from |Lel p. 177] by substituting u = 
°ab+l^ , V = it is the complex-valued version of |Go31 (1.17)]. 
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from [Li pp. 154-5]. We shall denote Li^{z) =: [z], so that 
become [y] = [y~^] and 

(6.4) lx] + |1 - x| + |1 - 1] = [1] 

modulo degenerates. 

In contrast to the situation (of a in P^) worked out in §5, the 
direct application of Reciprocity Law B to 

X := a completely general P^ in P® 



(6.2) and 


seems somewhat intractable. Working modulo de gene rates allows us 
to eliminate the Jpi integrals, which (by Lemma 4.7) take the same 
form as the integrals worked out in §5. At this point we can relax 
the notion of general position in Dehnition 4.4 to proper intersections 
for k >2: 


Lemma 6.1. Let U C G'r(3, 7) he the analytic open on which X and 
its projections to the coordinate hyperplanes are general in this sense. 
(This is the complement of a real codimension-1 subset.) Then writing 
:= ■.■■■■. Xj ■ ■ Xoj, the integrals are (complex) 

analytic as a function ofX^U. 


With this relaxed notion, the projectivized row space P^) of 


(6.5) 


1 / 1 0 c -1 0 0 1 \ 
a; a 1 0 -1 0 1 0 

i/\061-1100/ 


is general in P® for sufficiently general (a, b, c) G C^. 
the seven integrals 


By 


Lemma 


6.1 


( 6 . 6 ) 


J^j(a, b, c) 


1 

(27ri)^ 



j = 0,..., 6 


are each analytic on the complement Uj C of some real codimension- 
1 subset. (This is just the locus where the projection of X^ to Pf is 
general.) Since we do not know if (lUj U := T/flC^ is connected, and 
we prefer to evaluate the in different regions, we have to consider 
the “jumps” in the J^j as we cross over C^\Uj. 


Lemma 6.2. The jumps in the (across real codimension-1 com¬ 

ponents ofTd\Uj) are degenerate. 


Lemmas 6.1 and |6.2 are proved in the hrst appendix to this section. 
The upshot of this discussion is that we have 


i=0 


(6.7) 
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modulo degenerates, and that (in (6.7)) we may evaluate each any¬ 
where in Uj and analytically continue the results to a common neigh¬ 
borhood in U. To apply Reciprocity Law B in this form, we shall begin 
by choosing real subloci Aj C Uj fl on which the integrand J^j has 
only one nonvanishing term: 


Ao := {a e M; 6 G (|, 1); c G (j^, cx))} 

Ai := {a G (0, |); 6 G M; c G (-cx), 1 - ^)| 

A 2 ■= |a G (0,1); b G (1, c G m| 

As = ■ ■ ■ = Ae '.= {a,b, c e ]R<o; |a6c| > 1} . 

For example, ^0 is the integral (on P^) of 

x + by: c + y: -{1 + x + y) : y: x: 1 ) = 
X2 X3 X4 X5 Xe 



y ) 

l+x+yJ 


dlog 


A dlog (^) 
+ {• 


-57 


_ C+y + y 

x-\-hy c+y 


}-5[ 


T c+y n T l+x+y n T y 

x-\-by c+y l+^i+y 


and the boxed intersection is empty on ^o- 
More uniformly, writing 



To 

:= T 

c+y 

n Tx + y + l 



x + by 

c+y 


Tl 

:= T 

c+y 

n Tx+y+l 




l-\-ax 

c+y 


T2 

:= T 

x + by 

n Tx+y + l 




l-\-ax 

x + by 

Ts = ■■ 

■■ = Te 

:=T 

x + by 

nT c+^ 




1 + a.x 

x+by 


we have that 


Ti n T y 

x+y + 1 

Ts n T-y 

c+y 

Ti n T y 

x+y+l 


0 on Ai {i = 0,1,2) 
0 on As 

0 on Ai {i = 4, 5,6). 
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Hence the are integrals of log(-)dlog(-)Adlog(-)-fornis on the (positively- 
oriented) regions: 


y 


^0 


'Cl 



Namely, we have 

( 6 , 8 ) = - 

Jy=—c Jx=—by 


(6.9) 


-^1 = 



log(?/) - log(3; dxdy 

xy 


^2 = 



log(l/) - log(3; dxdy 


( 6 . 10 ) 


y=-x-l 


xy 
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and 

— J'z + =^4 


=^5 + =^6 — 


' -ra 


{- log (^) dlog [-f) A dlog (^) 




-1' 


( 6 . 11 ) 


dlog( 

log(i/) - log(x + y + 1) 


_ y_ 

a:+J/+l, 


A dlog — 


A dlog(^ — 

A dlog(^) } 


'y=^ 


xy 


dx dy. 


Evaluating these integrals as described in the second appendix below 
yields (mod degenerates) 

^0 = [&]-[!-&] +2[c] + [l-c] - + [6c-c+l] + [^^l -[1] 


-jA = [a] - 

[1-c 

]- 

ac—a+1 

c 

+ 

ac—a+1 

ac 

1 

III 

V 

[l-l] 

— 

ab—b+l 

a 

+ 

ab—b+l 

ab 


+ [ac — a + 1] 
+ [a6 — 6 + 1] 


- J^3 + ^4 
■A^5 + 


= 2[-a6]-2[c]- 

[bc — 


+ 

+ 


be—c+l 


ab—b+l 
ab^ 

c + 1] - 


+ 


ab—b+l 
ab 

be-c+1 
be 


ab—b+l 


+ 2 

- [a{ab — 6 + 1)] 

— [ac — a + 1]. 

Adding these and making use of (6.4), all the terms involving c cancel 
and we have 


Qib — 6 + 1] + 


ac—a+1 


ac—a+1 

c 


ac 


0= 2[a]+2[6]+2[-a6]-2[1]+2 


+2[a6 — 6 + 1] 


ab—b+l 


ab—b+l 


ab 


ab—b+l 


ab"^ 


+ 2 
a{ab 


ab—b+l 


6 + 1 )], 


which recovers the Li^ terms in (6.1). 


Remark 6.3. (a) If we take {a,b,c) equal in (6.8)-(6.11), they are just 
the integrals of log Qyg^- gf canceling triangles. 

This gives a quicker proof of (6.1), but of course there is something to 
the fact that Reciprocity Law B produces the right combination of 
triangles. 

(b) For hxed c, (6.5) gives a map G from f/ C to G'r(3, 7) analo¬ 
gous to g in Remar k ]5.1[ In contrast to the Bol 5-web situation, there is 
clearly no nice relationship between the leaves of the Kummer-Spence 
9-web IE| and the RA integrals (of which there are only 7). 

One could still ask whether the functions a, 6, —a6. 


ab—b+l 
ab ' 


ab—b+l 
-b ’ 


ab — b + l, , a{ab — 6 + 1) are G-pullbacks of some natural 

functions on Gr(3, 7), perhaps related to the higher cross-ratios (of 6 
points on P^) of Goncharov |Go4j . 
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(c) The cancellation of all terms involving c was a surprise to the 


authors. We do expect that some variant of rt6.5) should lead to a 


similar proof of Goncharov’s 22-term relation |Go3 
a problem for others. 


, but leave this as 


Appendix I to §6: Proof of Lemmas 6.1 and 6.2 


Write Uj C 

Gr(3, 7) for the region on which the projection of X to P| is general 
in the weaker sense. Note that the ^j(X) := are equisingular 

hence continuous for X G We will show that the restriction of 

to P n Uj is holomorphic, for P C Gr(3, 7) an arbitrary (with 
coordinate t). Let /i C P flT/j be a small disk with boundary dp =: 7 . 
By Morera’s theorem, it will suffice to check that J^j{X)dt = 0. 

Pulling back to the total space Uxew,X =: Xj -4- Uj, we compute 

^i3 


using Proposition 2.3 


■^7) 


(27ri)^ 


Adt = 


-Pm) 


sf.. n 

(27ri)^ 


A dt 


( 6 . 12 ) 


= E(±1) 


Pm) 


(P'). 


4:Jj' 

2712 


A dt. 


(Here we also use the fact that equisingularity = 
The terms of (6.12) take the form 

p f/i _f2 _h _h 

V /o ’ /l ’ /2 ’ /3 


Tg^.nvr ^(p) = 


1 

27ri 


' /.iXPl 


A dt, 


where the fi are linear forms algebraic in f G /i (and the P^ corresponds 
to X n Pp. By Hodge type, the f^^pi log -dlog A dlog A dlog A dt and 

/ xpinr -dlog A dlog A dt terms vanish; while the /ixP^flTflTflT 
vanish by equisingularity. In fact, the /i x P^ nT_/i nT_^ vanish also. 


fo 


h 


by equisingularity and linearity of the fi (so that T_/i fl X fl P? and 


fo 


T_f 2 n X n P5 are open segments in P^ = X fl P5 meeting only at an 


fi 


endpoint). Hence (6.12) is z ero and Lemma 6.1 is proved. 
The proof of Lemma 


6.2 


is similar. Pulling SX back to the total 


space UXafi^c '■= X A C Gr(3, 7), we have for p,q E Uj 

d 


Pp) 


5f., 

(2712)2 


P?) 


_ 

(2712)2 


■PIP) 


( 2712)2 


don’t need to worry about the properness of intersection XnT_^ because 

Xo 

the terms 'dlog A dlog A dlog vanish by Hodge type. 
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5, E(±i) 


Q(3) 


j'¥=j 


Kip) 


M 


'■ 27ri 


by Proposition 2.3 


The only possible contributions to a jump arise 
when a ^^-term in lies over a component of C^\Uj crossed by qp, 
and then the contribution is a combination of {2ni) Jpi log -dlog-^T and 
(27rz)^ Jpi log -St ■ St integrals, which are obviously degenerate. 


Appendix II to §6: Evaluating (6.8)-(6.11). In the course of the 


computation, we must frequently evaluate integrals of the form 


(6.13) 


log(a — x) log(6 — x] 


X 


dx, 


(6.14) 



^a(l + x) ^ 


dx 

X 


Begin by rewriting (6.13) as 


(6.15) 


log^ (a—x)+log^ (b—x) 
2x 


dx — 



dx. 


The hrst integral may be done by parts twice (e.g. u = log^(a — x) 
and dv = ^] then substitute t = a — x and take u = logt, dv = 
log(a — t)y = (loga)y — d{Li 2 {l))), which yields 


^*3 (l - f) + Li 2 (l - f) log(a -x) + \ log(f) log^(a - x) 

- Li 3 (l - f) + Li 2 (l - f ) log(6 -x) + \ log(f) log^(6 - x) 


For the second integral in (6.15), substituting y = gives 

-k(a-b) 


whereupon repeated integration by parts (starting with u = log^ y, 
dv = dy/{{l -y)ia- yh))) yields 


Ln(y) + - iog(!/)n2(?) 

- i log^(!/) log(l - ^) + Li^iy) log(y) + 1 log(l - y) \og^(y). 


The Lis terms from (6.13) are therefore 


b(a—x) 


a—x 


1 ^ 


1 

_ a(b—x) 


b—x 


a 


[ M 
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For (6.14), taking u = Li 2 and dv = ^ gives 

i°g(^) i°gW 


log(a;)L?2 (x^) - 


x+l 


whereupon substituting t = x + 1 puts the last integral in the form 


(|6.13|). This yields (|6.14|) = 

ax^a—1 


+ 


ax+a—1 


+ [1 - a{x + 1)] + [-x] + [x + 1]. 


So for example, breaks into 

- [~' r~''^dxdy^[c] 

J y=—c J x=—by 

which is straightforward, and 

’jTt r—y—^ 

0—1 / ^ 

xy 


1 

1-6 


^-^i-+y+^) dxdy = 

XU ^ 


J y=—c J x=—by 
-C(2)+log(-l-y)log(l+y)-log(-by)log(l+y)+Li2[^) 


dy. 


’y=-c 


A substitution brings the second and fourth terms of the last integral 


into the forms (6.13) and (6.14) respectively, and the other two terms 
are easy. 

Appendix: On a modification of Goncharov’s regulator 
BY Josi^CE Ignacio Burgos-Gil 


As we have seen in Remark 3.4, the map denoted as V*{n) (Gon¬ 


charov regulator) in [Go2] fails to be a morphism of complexes, hence 
it does not dehne a regulator map. By contrast, the cubical version of 
the same map is a morphism of complexes and does dehne a regulator 
map. 

In the paper |BFT] it is proved that the cubical version of Goncharov 
regulator is compatible with Beilinson regulator. In the same paper it 
is also stated that the simplicial version of Goncharov regulator is com¬ 
patible with Beilinson regulator. The proof in loc. cit. is based on the 
assumption that Goncharov map is a morphism of complexes. Since 
this is not the case, |BFT1 Theorem 7.12] is not true. The aim of 
this appendix is to show that, following the ideas of the present paper, 
one can dehne a variant of the simplicial version of Goncharov regu¬ 
lator that is actually a morphism of complexes and that the resulting 
regulator is compatible with Beilinson’s one. 
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Before we continue, a consumer warning. Being this text a special 
inclusion, most of the arguments are either sketched or just pointers to 
the literature where similar arguments are used, except for the crucial 
point that the map in question is a morphism of complexes - that being 
the main point of this appendix. 

As in the previous sections we restrict ourselves to the case of smooth 
projective schemes. We start by hxing notation. We will use pro¬ 
jective coordinates (Xq : ■ ■ ■ : X„) in and projective coordinates 
((hi : Zi), ..., (Yn : Zn)) of (P^)"". Recall that Hn C P” denotes the 
hyperplane of equation = 0. We write A" = P"- \ Hn and let 

A denote the cosimplicial scheme (A”)„>o with the usual faces and 
degeneracies. We denote = P^ \ {(1 : 1)} and = (D^)”. These 
schemes form a cocubical scheme □ = 

Recall from from jBKKj that to each Dolbeault complex A* we can 
associate a Deligne complex and if A is a Dolbeault algebra, then 

has an algebra structure that is associative up to homotopy and 
commutative. The main examples are: 

• A = E*{X), the complex of smooth complex valued differential 
forms on a smooth complex variety X. This is a Dolbeault alge¬ 
bra and the corresponding Deligne algebra is denoted ^*(X, *). 

• A = D*{X), the complex of currents on X. This is a Dol¬ 
beault complex and the corresponding Deligne complex is de¬ 
noted ^o(X, *). 

If X is equidimensional of dimension d, the current associated to 
every differential form gives a quasi-isomorphism of Deligne complexes 


( 6 . 16 ) «^[a], 

where [a] is the current 


In |Buj it is proved that, when X is projective, the complexes S>*{X, *) 
and n (X, *) compute Deligne cohomology of X. Moreover, there are 
explicit formulas for the differential d^, for the product • on the Deligne 
algebra and for homotopy equivalences between these complexes and a 
real variant of the complex C^(X;Q(p)) of Section]^ 
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If ui,... ,Um are smooth functions on an open subset of a complex 
variety, following |Wa] . for i = 1,..., m, we write 


(6.17) = 

(_2)m A ■ ■ ■ A Ou^^i) A dUa(^i+i) A ■ ■ ■ A du^(m), 

cr&&m 


and 

( 6 . 18 ) 




I 






2=1 


We also write Tq = 1. 

If /i, G C(X)^ are rational functions, we write 

Tm{fu ...Jm) = T^ log /l7l, . . . , ^ log frJn^ 

Since is a multilinear alternate function, only de¬ 

pends on the class 


/iA---A/™eA™C(X)X 


Hence we use also the notation 


r™(/iA---A/™) = r™(/i,...,/^). 

Thanks to the fact that Tm is multilinear and alternate, the differen¬ 
tial form Tmifi, ■ ■ ■, fm) is always locally integrable as a singular form 
on X. In fact, in order for a non-Iocally integrable term to appear 
in the expansion of Tm we need that the divisors of the functions fi 
have common components. But this case can always be avoided using 
multilinearity and antisymmetry. We denote by [7^(/i,...,the 
associated current on X. 

Recall that, if Z C X is a codimension one point of X, the valuation 
of Z induces a map Res^: A™'C(X)^ —)■ A™'“^C(Z)^. For instance, if 

ordz(/2) = ■ ■ ■ = oidzifm) = 0, 

then 

Resz(/i A--- Afm) = ordz(/i )(/2 A ■ ■ • A fm)\z- 

This property and the fact that it is multilinear and alternate determine 
Res^. 

We now dehne the current {[Tm-i] o Res)(/i A ■ ■ ■ A fm) on X by 

([7;i_i] o Res)(/i A • • • A/m) = ii'z)*[Tm-i(Reszifi A---A fm))], 

zex(i) 
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where is the set of irreducible closed subvarieties of codimension 
one on X and iz '■ Z —)■ X is the composition of a resolution of singu¬ 
larities of Z with the natural map to X. 

The Deligne differential of 7^(/i A ■ ■ ■ A fm) is described as follows 
imi Proposition 2.8], and jBFTt Proposition 5.16]): 

Proposition 6.4. Let fi, ■ ■ ■, fm ^ C(X)^ . Then, as differential forms 
on X with logarithmic singularities 

( 6 . 19 ) A---A/J = 0 . 

As currents on X 

( 6 . 20 ) d^[Tm{fl A ■ ■ ■ A fm)] = -{[Tm-l] O Res)(/i A ■ ■ ■ A fm)- 
Of particular interest for us are the forms 

r =t(^ 

, _ /(Xi + .-.+X,,) (X2 + ---+X,,) X,, \ 

'nX ^ ^ ) • • • ) XA h 

\ —Aq —Ai —A„_i/ 

Zl Zn 

The form is, up to a normalization factor the form considered by 
Goncharov in |Go2] . the form r'^ is a modihcation of that satishes 
the additional property 

( 6 . 21 ) r'jH„ = 0 . 

This is the main difference between and r'^. The forms Wn where 
considered by Wang in |Wa] and have been used to construct the cu¬ 
bical version of Goncharov regulator. The forms and r'^ are locally 
integrable forms on and Wn is locally integrable in (P^)”. We denote 
the associated currents as [r„], [r'f\ and [w„]. 

We denote by : P*^”^ —)■ P*^, n>0, 0<z<n the maps given by 

a(Xo : ■ ■ ■ : Xn-i) = (Xo : ■ ■ • : W_i : 0 : W : . . . ,X„_i). 

There is a commutative diagram 



^n—!(;_^ pn—1 


Pi 


Pi 


^nc -^pn 


where pi are the faces in the cosimplicial structure of A. Analogously 
we write h*: (P^)""^ —)■ (P^)"-, u > 1, 1 < i < n, j = 0,1 the maps 
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given by 



, (Yn-i : 

Zn-l)) 





= ((I'l : Zi). 

...,(w*- 

-1 : ^i-l); (1 : 

: 0), (K. : 

Z),., 

..,(h;-i 

: Zn-l)); 


, (Wn-l ; 

Zn-l)) 





= ((L : Zi), 

...,(h)_ 

O 

1 

tq 

: 1). (L : 

Zi),., 

..,(W„_i 

: Zn-l)). 


Again, there is a commutative diagram 


Qn-lc-^ 



where 5* are the faces in the cocubical structure of □. 

Using Proposition |6.4[ we can compute the Deligne differential of the 
previous forms and currents. 

Proposition 6.5. The following formulas hold. 

( 6 . 22 ) 


(6.23) 

(6.24) 

(6.25) 


d^Wji 0 
n 

^n] = I](-1)*(a)*K-i], 

2 = 0 
n 

r'n] = 


2 = 0 
n 


d9[Wn] = “ (^i)4^i^m-l])• 

i=0 


Proof. We prove only equation (6.24). For i = 0,... ,n, let Di, be the 
divisor of equation Xi = 0 and for i = 1,..., n — 1, let be the divisor 
of equation Xi + ■ ■ ■ + = 0. For i < n, We have 


Res 


D, 


p.Yi + .-. + .yj A'„ 


= (-i) 


i-l-1 


-Wo 
(Wi + ---+X„) 


-W„_1 


A- ■ -A 


(Wj+i + ■ ■ ■ + Xn) 


A.. .A- 




-Wo -W, -X„_i 

where the symbol means that the term is omitted. For i = n, 


Di 


Res 


D„ 


(Wi + --- + X„) 


A ... A 


W„ 


-Wo .-W„_i 

-1 f ("^1 + ■ ■ ■ + W „_ i ) 




-A'„ 


A ■ ■ ■ A 


W, 


n-l 


-w, 


21—2 


Dn 
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Moreover, for i = 1,..., n — 1, 
ResE, ( -77- - A ... A 




= (-l) 


-Xn 


v(Xi + --- + X„) 


-X 


n—1 




-Xn 


A ■ ■ ■ A 


(X, + --- + X„) 

-X,_i 


A ... A 


X„ 


-X„_i 

= 0 


because the restriction of the function (Xj+i + ■ ■ ■ + X„)/(—X*) to Ei 
is one. Note that this is the key point that makes this form work. 

Finally, for a divisor Z G different form the previous ones, we 

have 


Resz 


(Xi + ■ ■ ■ + Xn) 


A ... A 


X„ 


-Xn-l 


= 0 . 


From these formulas and Proposition 6.4 the equation (6.24) follows. 

□ 

Let X be a smooth projective variety over a held k G C. We de¬ 
note by Z^(X, n)o and ^□(X, n)o the normalized simplicial and cubical 
Bloch’s higher Chow complexes. In the simplicial case this is the group 


denoted X£(X, n) before Proposition 3.5 and in the cubical case is de- 
hned for instance in [BFTl Section 4^ By [L^ we know that both 
complexes have the same homology groups: the higher Chow groups 
CHP{X, n). We recall the argument in |Lvj to prove that the simplicial 
and cubical versions of Bloch’s higher Chow groups agree. 

Let ^□^(X, n, m) denote the group of codimension p cycles in X x 
X A”’' that meet properly all the proper faces of X x x A”*. 
Then ') ^ cocubical-cosimplicial abelian group. We denote 

by Zg ^(X, *, *)o the associated normalized double complex and by 
Zg^(X, =t:)o the corresponding simple complex. Then |Lvl Theorem 
4.7] states that both natural inclusions 

Zl{X,*)o^Z^^^{X,*)o and Z^{X,*)o ^ Z^^^{X,*)o 
are quasi-isomorphisms. 

Since the family of currents ([r’(„])m>o is singular along the hyper¬ 


planes Ei introduced in the proof of Proposition 6A, in order to use 
it to define a regulator map, we need to restrict the class of cycles we 
use. We denote by L the hyperplane arrangement 

L = El U ■ ■ ■ U Efi—i 

and by Z^^{X,n) the group of codimension p cycles of X x A” that 
intersect properly all the hnite intersections among the divisors X x Di, 
i = 0,... ,n and XxEj, j = 1,..., n—1. These groups form a simplicial 
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complex and we write *)o for the normalized complex. It is a 

snbcomplex of Z^(X, *)o. 

Using the same argument as in the proof of jKL|. Lemma 8.14] (see 
also the proof of [Lvl Theorem 2.7]) one can prove 

Lemma 6.6. The inclusion of complexes Z^{X,*)o is 

a quasi-isomorphism. 

We now denote by Z^ ^ ^(X, n, m) the group of codimension p cycles 
in X X X A™ that meet properly all the hnite intersections among the 
faces and the divisors X x \JT x Ej. Again it is a cocubical-cosimplicial 
abelian group and we denote by Zg^^(X, *,*)o the associated nor¬ 
malized double complex and by ^ ^(X, *)o the corresponding simple 
complex. Combining the arguments of [H Theorem 4.7] and of with 
m Lemma 8.14] one can prove that the natural inclusions 

ia: ZLt(X,»)„ ^ and *□: ZS(X,»)„ ^ ZS , ,(X,<.)o 

are quasi-isomorphisms. 

As in [C^ . the forms r„, Wn and determine, for each p,n > 0, 
maps 

Pn:Zg(Jf,n)„^®|r-"(X.p), 

V'^:ZlpX,n)„^Sf-’'{X,p). 

We just give the dehnition of V'^ the others already having been dehned 
in the literature. For instance Va is, up to a normalization factor, the 
map denoted V*{n) in |Go2j . Let Y be an irreducible subvariety of 
X X P"' that is not contained in any of the divisors X x Hj, i = 0,..., n, 
or X X Ej, j = 1,..., n — 1, and Y a resolution of singularities of Y. Put 
i\ Y ^ X and q\ Y —)■ P*^ for the maps induced by the two projections. 
Then q*r'.^ is a differential form, on an open subset of Y, that is locally 
integrable on Y. Since the map i is proper, we obtain a well dehned 
current 

KiY) = ‘.19*41 e ®g’-"(x.p). 

If Y is an irreducible subvariety of X x A” of codimension p, such 
that the cycle [Y] belons to Z^^(X, n), we write Y for the closure of 
U in X X P*^ and dehne 

Pk(ir]) = Pk(F), 

The map V'a is extended by linearity to the whole Z^ n) and then 
restricted to Z^ j^{X,n)o to give the desired map. 









48 


BURGOS GIL, KERR, LEWIS, AND LOPATTO 


We have seen in Remark 3^ that, for a hxed p, the maps Va do not 
form a morphism of complexes. Nevertheless we have 


Theorem 6.7. For every integer p > 0, the maps 
Pn: ^ ®g’-(X.p), andP'^: ^ ®g'-(X,p) 

are morphisms of complexes. 


Proof. We give the proof for V'^ being the other one analogous. Let 
Y be an irreducible subvariety of X x A” of codimension p, such that 
the cycle \Y] belongs to Z^j^{X,n). In particular Y is not contained 
in any of the divisors \ x Di or X x Ej. Let d denote the differential 
in the complex *) write 

n 

W] = E(-i)‘p:ir]- 

i=0 


This is a cycle on X x P” L Note that d\Y] is the restriction of d\Y] 
to X X that is, 


d[Y] = d[Y] 


XxA"-i' 


We decompose d\Y] = A + B, where the cycle A gathers all the com¬ 
ponents of d\Y] not contained in and B gathers the components 
contained in Pln-i- Thus 


A = (a[yi) 


is the closure of c?[y] in X x P"' 


Proposition 6.5 implies readily that 


<i»n(IU) = -PkiOlY]) = KW + KiB). 


The key point, that fails for the family of currents (r^)„>o is that, since 
vanishes on then V'^{B) = 0. Thus 

d^v'^m) = v'AA) = v'Am) 


proving the result for The proof for Vu is similar. □ 


Thanks to Theorem 6T and Proposition |6.5[ we obtain morphisms 


By jBFTl Theorem 7.8] we know that the map Vn is compatible 
with Beilinson regulator. To prove that V'^ is also compatible with 
Beilinson regulator we compare Vn and V'^. To this end we introduce 
the locally integrable forms 

Zn (Ai -I- ■ ■ ■ -I-A„) Xn \ 

dYJ-n,m / n+m \ -ix i ' ' ' i v i xr i • • • i .y ) 

\Li In —^0 —xXn-l/ 
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on (P^)”'xP”, that are a hybrid between the forms Wn and Following 
the same steps used to dehne V'^ and to prove Theorem 6.7, we obtain 


Proposition 6.8. The family of forms {Mn,m)n,m induce a morphism 
of complexes 


K.a- zs,i,i(x,*)„^»3'-(x,p). 

Now we can state and prove the main result of this appendix. 

Theorem 6.9. The maps 

agree. In consequence, the map is compatible with Beilinson regu¬ 
lator. 


Proof. A direct computation shows that the diagram 




*A 



/ A 


is commutative. Then the theorem follows from the fact that i^ and 
f A are quasi-isomorphisms. □ 


Remark 6.10. We remark that the simplicial regulator V'^ just de¬ 
scribed also agrees with the composite 

AjP’^ 

(6.26) CH-iX, n)Q H^-" (XJ", Q(p)) ^ if#"” (Xr.K(p)), 
where (as X is smooth projective) 




H2p-n 


Hp—l ~ 


FPH'^p-n (X^n^ Q ^ Jj2p-n ^ 

H2p-n (X“”,M(p- 1)) 


7rp_iFPi/2p-n (X£^,C)’ 


with TTp-i induced by the canonical projection 

C = R{p) © R{p — 1) —)■ 


1 ). 


Indeed, any class in CHP{X,n) has a representative 3 G ker(cl) C 
Z^{X,n)o n Z^^{X,n), and we have Pn(3°) = Pa( 3) (by Theorem 


the assertion reduces to the coincidence of ttr o ATfl wih the cubical 
Goncharov regulator Pn, which was verihed in §3.1.1 of |Kelj . 


6.9) and AJ5”(3°) = (3y fhe proof of Theorem 3.2). So 
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